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Abstract 

Light-cone gauge superstring theory in noncritical dimensions corresponds to a 
worldsheet theory with nonstandard longitudinal part in the conformal gauge. The 
longitudinal part of the worldsheet theory is a super conformal field theory called 
CFT. We show that the X ± CFT combined with the super-reparametrization ghost 
system can be described by free variables. It is possible to express the correlation 
functions in terms of these free variables. Bosonizing the free variables, we construct 
the spin fields and BRST invariant vertex operators for the Ramond sector in the 
conformal gauge formulation. By using these vertex operators, we can rewrite the tree 
amplitudes of the noncritical light-cone gauge string field theory, with external lines in 
the (R,R) sector as well as those in the (NS,NS) sector, in a BRST invariant way. 
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1 Introduction 



The light-cone gauge string field theory [U EJ EJ HI EJ [6] takes a simple form and it can 
therefore be a very useful tool to study string theory. Being a gauge fixed theory it can 
be formulated in noncritical spacetime dimensions. In the conformal gauge, such noncritical 
string theories correspond to worldsheet theories with nonstandard longitudinal part. In our 
previous works [7J |8], we have studied the longitudinal part of the worldsheet theory which 
is an interacting CFT called X^ CFT. It has the right value of the Virasoro central charge, 
so that one can construct a nilpotent BRST charge combined with the transverse part and 
the reparametrization ghosts. 

In the conformal gauge formulation, the amplitudes can be calculated in a BRST invariant 
manner. In Ref. [7] we have shown that the tree level amplitudes in the light-cone gauge 
coincide with the BRST invariant ones in the conformal gauge, in the case of the bosonic 
noncritical strings. For superstrings, the equivalence of the amplitudes in the two gauges 
has been shown for the cases where all the external lines are in the (NS,NS) sectoi0 [9]. 

We would like to extend this analysis into the case in which external lines in the Ramond 
sector are involved. In the conformal gauge formulation, the vertex operators corresponding 
to the external lines in the Ramond sector should involve the spin fields in the X ± CFT. 
Since the X ± CFT is an interacting theory, it is not straightforward to construct spin fields. 
In this paper, we formulate a free field description of the CFT consisting of the X^ 1 CFT and 
the reparametrization ghosts. Namely, we construct free variables which can be expressed 
in terms of X^ and the ghosts. We provide a formula to express the correlation functions 
of this interacting CFT in terms of these free variables. Bosonizing the free variables, we 
define the spin fields and thereby construct the vertex operators in the Ramond sector. 

In the conformal gauge, the amplitudes can be expressed by the vertex operators thus 
constructed. It turns out that the closed superstring theory in noncritical dimensions gener- 
ically does not include spacetime fermions. We show that the tree amplitudes with not only 
external lines in the (NS,NS) sector but also those in the (R,R) sector can be written by 
using the vertex operators. 

This paper is organized as follows. In section [2J we consider the system of the bosonic 
X ± CFT combined with the reparametrization ghosts and construct free variables. We show 
how the correlation functions on the complex plane can be expressed by those of the free 
variables. In section [31 we supersymmetrize the analyses in section [5] and formulate the 
free field description of the supersymmetric X^ CFT. In section HI we first study how the 

1 In our previous works and in this work, we discuss closed strings. 
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BRST invariant vertex operators in the Neveu-Schwarz sector can be described in terms 
of free variables obtained in section |3j Then we construct those in the Ramond sector, 
using the free variables. In section [5j we show that the tree amplitudes involving external 
lines in the (R,R) and the (NS,NS) sectors of the noncritical strings can be expressed in a 
BRST invariant way using the BRST invariant vertex operators. Section E] is devoted to 
conclusions and discussions. In appendix |Aj we explain some details of the action for the 
strings in the (R,R) an d the (NS,NS) sectors of the light-cone gauge string field theory in 
noncritical dimensions. In appendix [Bj we present a proof of a relation which we use in 
section El 



2 Free variables: bosonic case 

As a warm-up, we would like to present the free field description for bosonic X CFT 
formulated in Ref. [7] and show how the correlation functions are expressed by using the free 
variables. 



2.1 Bosonic X ± CFT 

In the conformal gauge, the longitudinal part of the worldsheet theory for the noncritical 
light-cone gauge string theory is described by a conformal field theory with the energy- 
momentum tensor 

dX^dX~- d -^{X\z) , (2.1) 

where 

lX+ Z \~ d3X+ 3 ( 92X+ y (22) 
{X ^ = ^X^ ~ 2\~dX+ ) (2 ' 2) 

is the Schwarzian derivative. 

Such a conformal field theory can be studied using the path integral formalism |7J. In 
order to make the theory well-defined, we always consider the situations where the vertex 
operators of the form e~ ip+x are inserted so that dX + has an expectation value and it is 
invertible except for sporadic points on the worldsheet. Indeed, for a functional of 
X + , one can calculate the correlation function with the insertion Ylr=i e~ ip ^ x (Z r , Z r ) on 
the complex plane as 

F [X+] J] e~^ x ~ {Z r , Z r ) ) = F \-Up + p)] ( J] e~^ x ~ (Z r , Z r ) ) , (2.3) 



r=l 



vr=l 
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where 

N 

p{z) = a r In (z — Z r ) , a r = 2p+ . (2.4) 

r=l 

Thus one can see that X + acquires an expectation value — | (p (z) + p (z)). The expectation 
value of dX + (z) is proportional to dp (z). dp (z) has iV poles at z = Z r and N — 2 zeros at 
z = zj (I = 1, ■ ■ ■ N — 2). p(z) coincides with the Mandelstam mapping of a tree light-cone 
diagram for iV strings and zj are the interaction points. 
The variables X^ 1 can be shown to satisfy the OPE's 

dX + (z)dX + (z') ~ regular , 
dX~(z)dX + (z') - ' 



^2 



(Z - Z>) 

dX-(z)dX-(z') d -^d z d z , 



(Xi(z)-Xi(z'))' 



(2.5) 



where X^ denotes the left-moving part of X + . Expanding the right hand side of the third 
equation in terms of z — z' with the assumption \z — z'\ 1, one gets the form of the OPE 
given in Ref. [7]. Using these OPE's, one can show that the energy-momentum tensor (12. ip 
satisfies the Virasoro algebra with central charge 28 — d. Thus, with the reparametrization 
ghosts and the transverse part, the worldsheet theory becomes a CFT with the total central 
charge 0. 

2.2 Free fields 

Let us consider a 2D CFT which consists of the X^ CFT and the system of reparametrization 
ghosts b, c, b, c. One can show that this theory can be described by free variables [7j . Free 
variables X + , X'~, b\ c', b', c' are defined as 

b'={dx + ) a b, b'={Bx + ) a b, 

c' = (dx + y a c , c' = (dx + y a c, 

cb 3 a 2 x+ cb 3 d 2 X+ 

X = X — a— — ■ a 77 — a-= a ^ , (2.o) 

dX+ 2 (dX+) 2 dX+ 2 {Qx+f 



with 



«(« + 3) = ^. (2.7) 
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The OPE's between X + , X'~ , b' , c', 6', c' can be derived from the OPE's of X ± , b, c, b, c and 
one can see that they are free variables. It is straightforward to show that the energy- 
momentum tensor of the system 

T (2) = dX + 8X~ - {X + , z) - 2bdc - dbc , (2.8) 

can be written as 

T (2) = dX + dX'- - b'Dc' -(l + a)d {b'c') , (2.9) 

in the form of the energy- momentum tensor for the free fields X + ,X'~, b',c'. The fields 
b' , d are with conformal weight (2 + a, 0) , (—1 — a, 0) respectively. It is also easy to express 
X ± , b, c, b, c in terms of the free variables. 



2.3 Correlation functions 

Since one can express all the fields in the theory in terms of the free variables and vice versa, 
it should be possible to describe the theory using these free variables. Let 



>W2 



(2.10) 



denote the correlation function on the complex plane in the CFT we are considering. As we 
mentioned above, in the X^ CFT, we are mainly interested in the the correlation functions 
with insertions of e~ ip+x . In our setup, the correlation functions to be considered are of 
the form 



|e 3CT (oo) 



h [Zi, Zi) (p 2 (22, 32 J ' ' ■ 



'n (2n, Z n 



N 

n 

r=l 



[Z r X)) , (2.H) 

X±,b,c 



where da = cb and (i = 1, • • • , n) are local operators made from X + , dX~ , dX~ , b, c, b, c 
and their derivatives. |e 3fJ (oo)| 2 is inserted to soak up the ghost zero modes. 

The correlation function (12. lip should be expressed by using the free variables. Let us 
define the correlation function for the free theory on the complex plane as 



'W2 



y «)free ~ 





dX+dX'-db'dc'db'dc' 




■ 4>n 


/ 


dX+dX'-db'dc'db'dc'^ 


e -S iTCC [x+,X'-,b',c>;b',c'} 



(2.12) 



Naively, one might expect that the correlation function ( 12. lip should be expressed in terms 
of the free variables as 

N 



|e 3CT (oo) 



h [Zi,Z 1 02 (2 2 ,2 2 ) 



'n (2n, 2 ra 



n 

r=l 



-ipr X 



x±, 



= ( |e 3cr (oo) 1 2 0i (zi,zi)<t>2(z2, z 2 )---(f>n(zn,Zn) JJe^ (Z r ,Z r )\ , (2.13) 

\ r=l / f rcc 

on the right hand side of which a, (pi and X~ are considered to be expressed by the free 
variables using the relations f 12 . 6 j) . Eq.f l2.13j) would hold if the relations ( 12. 6 p were not 
singular anywhere on the complex plane. However, if the expectation value of dX + has 
zeros and poles, the relations ( 12. 6p are not well-defined at these points. Then we need to 
modify eq.( l2.13p and insert operators at these points on the right hand side. 



2.4 Operator insertions 

The necessity of such insertions can be seen by considering the case where all the (pi do not 
involve derivatives of X~ in eq.( l2.13p . Because of eq.( l2.3p . X + in the correlation function 
can be replaced by its expectation value — | (p + p) in such a case. 

If dX + is replaced by —-^dp, the relations between the ghost variables are the ones which 
were studied in Refs. PHI [HI [12] • They showed that the correlation functions of b, c can be 
expressed by those of b' , d with extra operator insertions at z = Zi, Z r , oo. For example, if 
b(z), c(z) are regular at z — z/Jfl the relation (12. 6p implies that b' (z), d (z) are singular at 
z = zj, because dp(zj) = 0. One can see 

b' (z) ~ (z - zj) a , d (z) ~(z- Zl y a , (2.14) 

for z ~ zj. Such singularities are induced by the insertions e~ aa ' (zi), where a' (z) is defined 
so that da' = db' . Therefore the correlation functions of b, c with no insertions at z — Zi 
should correspond to those of 6', d with insertions of e~ aa ' (zj). Thus we can see that eq. (12.13j) 
cannot be true as it is. It should at least be modified as 



(oo)| 



h<P2 ■ 




ie 3<T (oo) I 2 (P l( p 2 ■ ■ ■ 6 n FT |e- aCT ' (z^Tl 



l[e l P x (Z r ,Z r ) j , (2.15) 

I ' ' r=1 I free 

in order to be consistent with the singularities of the ghost variables. 

In our case, X + is dynamical and eq. (12.15j) is still inconsistent. If one inserts the energy- 
momentum tensor T (z) into the correlation functions in eq.( l2.15[) . the left hand side should 



2 Here we assume in eq. ([2.13[) the generic configuration in which zi ^ Z r , zj (i = 1, • • • , n). The special 
cases where Zj coincides with one of these points are realized as a limit of the generic ones. 
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be regular at z = Zj [7] but the right hand side is not because of e~ aa ' (zj). Instead of 
e~ aa '(zi), we therefore need to insert an operator which is conformal invariant and induces 
the same singularities for b', d as e~ au ' (zj). We find that 



Oj 



ZI 



dz 
— <9$- 

2m 



{d 2 X+) 



\a{a+l) 



(2.16) 



where 

^ = \ndX + dX + , (2.17) 

has such properties. Indeed, replacing X + by its expectation value — |(p + p), one can see 
that Oj is equivalent to 



(2.18) 



and b',d behave as eq. (12.141) in the presence of Oj. Moreover, the OPE with the energy- 
momentum tensor can be calculated as 



+ ( 1 - -a[a + l 



1 a (a + 1 

4 




d(\ndX + ) 



(d 2 X+) 



fa(a+l) 



dw 



2vn 
2 



27T2 [z - wf (d 2 X+) f a(Q+1) 



(2.19) 



On the assumption that one can replace X + by its expectation valued 



T(z) Oj 



1 a (a + 1 

4 v 



regular 



dw 



ZI 



2m ( z - 



z — w) 



(2.20) 



Therefore (9/ seems to have the right properties to be inserted in the free field expression. 
We will prove the fact that the OPE T (z) Oj becomes regular without any assumptions, in 
the next subsection. 

With similar reasonings, one can deduce the singular behaviors of b' , d at the points 
z = Z r and oo as well, from which one can infer the ghost operators to be inserted at these 



3 Here we have also assumed d 2 p (zj) ^ 0, which is generically true. d 2 p (zi) — implies that zi coincides 
with another interaction point zi> (I' ^ I). Such cases are considered as a limit of the generic cases, in which 
we should insert Oi and Or at the same point. 
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points. For z ~ Z r , we can see that e ar7 ' (Z r ) should be inserted. Combined with the insertion 
e -iptx Z r ) and the operator to be introduced in eg. (12.231) at z = Z r , this ghost operator 
reproduces the correct OPE with the energy- momentum tensor. For w = ■= ~ 0, the ghosts 
should behave as 



b' (w) ~ w~ 



d (w) ~ w 3 



(2.21) 



and one can see that e 3f7 ' (oo), which is of weight —3a, should be inserted. We can define a 
conformal invariant combination, 

2 



K 



J oo 2ni 



(2.22) 



to implement such an insertion. 

We should also take care of the singular behavior of X~ in the X ± CFT. From the results 
of Ref. [7], one can see that X~ possesses logarithmic singularities at Z r and Zj( r ), where 
Zj(r) is the interaction point at which the rth string interacts. Therefore it is necessary to 
insert 

d-26 i 



d — 26 i , , 
exp 1 — — A — —X (Z r Z r ) , 



exp 



24 p+ J v " '> ' "V 24 P\ 

The latter should be made into a conformal invariant combination 

d-26 i 



S r = 



dz f dz — 
— 9$ <p 5$ exp 

j(r) JZ I {r) 



Zj(r) , Zj(r) t 



x- 



(2.23) 



(2.24) 



24 p+ 

The conformal invariance of TZ and S r can be proved in a similar way to that of Oj in 
eq.f l2.20p on the assumption that X + can be replaced by its expectation value — |(p + p). In 
the next subsection, we will prove that this assumption is not necessary as in the Oi case. 



2.5 Correlation functions in terms of the free variables 

We have shown what kind of operator insertions are necessary. We would like to show that 
they are actually enough and the correlation functions of the system can be expressed in 
terms of the free variables only with the insertions obtained above. To be precise, we will 
prove 

N 



(oo)\ 2 6 1( b 2 



\Je-^ x - {Z r ,Z r ) 



r=l 



iV 



Cl 11(f) 



W2 



<S r I Ctrl 



-3a 



\z r ) 



-lp> 



r=l 



free 

(2.25) 
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where C is a numerical constant. 

Let us first consider the simplest case and check if 



\e 3a (oo) 



JV 

n 

r=l 



,-iPr~X 



[Z r , Z r 



N 



OC 



r=l 



<S r \a r \ 



-3a 



X ± ,b,< 



e aa (Z r 



-ip r 



+ X ,- + d^6i x + 



(Z r , Z r ^j 



. (2.26) 



free 



The left hand side was evaluated to be exp (— ^f^Ij up to a constant multiplicative factor 
in Ref. [7], where T is defined as 



N 



r=l 



: N 

n 



N-2 



a, 



-2 e -2Re NSS 



n \ d2 p( 



I -1 



1=1 



Here is a Neumann coefficient given by 



iV oo 



p(zi 



(r), 



Y^ln(Z r -Z fl ) . 



(2.27) 



(2.28) 



It is easy to calculate the free field correlation function on the right hand side, and we 
find that this also becomes exp (— ^plj up to a constant multiplicative factor, using the 
identity, 



n 



r s \ Z r-Z s \ ri/>J \ Z I - Z A 



niiiLi^r-^i 



V 



2_j 0£ r Z r 



r=l 



nj\d 2 p(zi)\ 



lTr=l \ a r 



(2.29) 



Thus eq. fl2T26|) holds. 

Let us then consider the next simplest case where all the (pi do not include derivatives 
of X~ . In this case, X + in the correlation function can be replaced by its expectation value 
— ~ (p + p). Therefore the problem is reduced to the case where 0« are made of ghost fields. 
Since the operator insertions on the right hand side was fixed so that the ghost variables 
b, c, b, c have the same singularity structure as the quantity on the left hand side, it is easy 
to see 

Kb (zi) ■ ■ ■ b (z n ) c (wx) ■ ■ ■ c (w n ) b (u x ) • • • b (u m ) c (v^ • • • c (v m ) JJ C 7 



N 

n 

r=l 



S r l« r 



-3a 



e a °\Z r ) 



2 -ip+ X '- + ^^X+ 



free 



oc ( \e 6a (oo) b(z 1 ) ■ ■■b(z n )c(w 1 ) ■ ■■c(w n )b(u l ) ■ ■■b(u m )c(v 1 ) ■ ■■c(v m ) 



b.c 



V 



X 



*n°'ii 



r=l 



-3a 



e aa '{Z T 



2 - ip +X'- + ^'X+ 



(Z r , Z r ^ 



(2.30) 



free 



On the other hand, we have 

^|e 3,J (oo)| 2 £>(2:i) ■ ■■b(z n )c(w 1 ) ■ ■ -c(w n ) 

N 

x b (%) • • • b (u m ) c [v x ) ---c (v m ) l[ e~ iptx ~ (Z r , Z r ) 

r=l 

oc (|e 3CT (oo)\ 2 b(zi) ■ ■ ■b(z n )c(wi) ■ ■■c(w n )b(u 1 ) ■ ■ -b(u m ) c(ui) ■ ■ ■c(v m )) 

\ I b,c 

x /|e 3CT (oo)| 2 ne-^ (Zr,Zr)) ■ (2.31) 

\ r=l I X ±,b,c 

Using eq. (I2.26j) we can show that these two are proportional to each other. 
X~ insertions 

Now let us turn to the cases where derivatives of X~ are included in <pi. Once eq. (12.251) 
is proved for <f>i made of the derivatives of X + and the ghosts, one can get the free field 
expression of the correlation functions with X~ insertions by differentiating eq. (l2.25p with 
respect to [7]. As an example, let us consider the correlation function with one insertion 
of dX- 

/ \e Zu (cx))| 2 8X~ (z) f[ e~ iptx ~ (Z r , Z r ) \ . (2.32) 

\ r=l I X ±,b,c 

It can be expressed in terms of the one with no insertions. One can show 

N 



\e 3a (oo)\ 2 dX- (Z ) Yl [\a r \^ e~ ip r x ~ (Z r ,Z r ) 

r=l 

I N+1 

oc 2id Zo d ao I |e 3CT (oo)| 2 J] [\a r \^e-^ x ' (Z r ,Z r ) 



r=0 I X±,b,. 



(2.33) 

a =0 



d-26 



Here the factors \a r \ 8 are included so that the limit «o — > becomes smooth. On the 
right hand side, we have inserted sources e~ ip o x (Z ,Z ) and e~ tp ^+ lX (Z N+ i, Z N+i ) with 
Pn+i — —Po — — | a 0) to generate the insertions of X~ . With these sources, X + has 
the expectation value — | (p(z) + p(z)) , where p{z) = a r \n{z — Z r ). p{z) has N 

interaction points. In the limit «o ~~ 0, two of them, which we denote by Zj(o) and Zj(n+i), 
tend to Z and Z^+i, and the other z/s go to the interaction points zj of p{z), which are 
denoted with the same subscripts [7J. 



9 



Now let us rewrite the expression on the right hand side using the free variables. By 
making use of eq. (I2.26P with p replaced by p, we have 



N+l 



2^ «9 ao (|e 3CT (oo)| 2 n [l 

\ r=0 



ay 



-ip+X~ 



(Z r , Z r ^ 



oo=0 



N-2 



2id Zo d ao (n]Jd I d m d I( N + i 



1=1 

N+l r 



X 



n 

r=0 



S r \a r \ 2 



5 a(a+l) 



\z r ) 



2 - ip +X'- + ^^X+ 



(Z r , Z Ti 



free 



,(2.34) 



ao=0 



where Oj and S r are respectively Oj and S r with zj being replaced by Zj. Since z^o) — > Zq 
and Zj(n+i) — > Z N+ i in the limit a — > which we should eventually take, we get some 

operator insertions at z = Zq and z = Z^ + \ as a result. These insertions should correspond 

-oo 

to X~ (Zq) — X~ (Zjv+i). The behaviors of %o) — Z , ReiV 00 and d p(%o)) in the limit 
«o — ► are given by eqs.(D.l), (D.2) and (D.4) of Ref. [7] respectively, where N 00 is a 
Neumann coefficient corresponding to p(z). In the free field correlation function on the 
right hand side of eq.( !2.34l) . X'~'s appear only in the form of the vertex operator e~ w+x ' . 
Therefore one can replace X + by its expectation value and vice versa. Using these facts, we 
can show that in the limit ao — > 0, 



Ot(o)S |a | 2 



a(a+l) 



e au (Zq) 



QtQ 



%a(a+l) I o2 - / - \ I -3 

2 K \d p(z m )\ 2 



-*Po 



-§a(a+l) 



+ \' / — I d— 26 £ v + 



(^o) 



-ip+X'~ 



(Zq, Zq) 



e 12 



• Re Nr. 



'da' da' 
1 - ip+X'- (Z , Z ) + a a [ — (Z ) + ^- (Z ) 



l--co 



X'- + a 



da' 



0a' 



dX+ dx- 



1 - -a X (Z , Zq) , 



a + -a 



(2a 2 + 3a) Re -f^ (Z ) 



<9 2 x+ <9 2 x+ 

+ — 



(<9x- 



(Zq, Zq) 

(2.35) 



and similarly 



U/tJv+ij^Ar+i |a | 2 



e aa (Z N+ i) 



V— d — 26 i v+ 



1 + -a X (Zjv+i, Zjv+i) 



(2.36) 
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Substituting eqs. fl2.35p and (I2.36p into eq.f l2.34p . we obtai 



N 



3 °(oo)\ 2 dX~(Z ) ]Je ^ x (Z r ,Z r ) 



(2.37) 



r=l 
N-2 N 



X±b.c 



oc lndx~{z Q )\[o I ]\ 



1=1 r=l 



S r loir 



-3a 



e a °'(Z r : 



.■_+ yl— i d-26 i v+ 
-ip r A +—54 ip^ 



free 



It is straightforward to prove eq. (12.251) for more general insertions. The key relation is 
eq. fl2.35p . which is valid in the free field correlation functions in which X'~'s appear only 
in the form of the vertex operator e~ ip+x> . For example, let us consider the correlation 
functions with two insertions of dX~ 



N 



.,3cr 



[oo)\ 2 dX- (z) dX- (Z ) Yl \\a r f^e~ iptx (Z r ,Z r ) 



r=l 



N+l 



a 2id Zo d ao ( |e 3(J (oo)| 2 dX~ (z) Yl 1 |n, 

r=0 



e~^ X ' (Z r ,Z r ) 



d-26 . + 
8 ~~ ' " 



(2.38) 



a =0 



Using eq.f l2.37p . the right hand side is expressed as 



JV-2 



2id Zo d ao ( n J] djd^dj^dx- 



1=1 

N+l 

n 

r=0 



S r \a r \ 2 



3 a(a+l) 



e aa '(Z r ) 



2 - ip + X '- + ^^rX + 



^ (Z r ,Z r ) 



free 



. (2.39) 



"0=0 



Here we would like to use eq.f l2.35p to deal with the limit a — > 0. In this form, eq. fl2.35p 
does not hold apparently, because of the presence of dX~ (z). However, dX~ (z) can be 
rewritten as 



dX-(z) = dX'-(z) + 



id z d p +e~ 



ip 



+x'~ 



p+=0 



+ 



(2.40) 



where • • • denotes the quantities which does not involve X' . Substituting this into eq.f l2.39p . 
we can make it into the form where X'~ is exponentiated so that eq.f l2.35p holds. Thus we 



4 Here (and in eas. (|2.25[)(12.4ip ) zj which appears in the definitions of 0j, S r are taken to be the interaction 



point which correspond to the Mandelstam mapping p (z) = , a r In (z — Z r ) 
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can show 

N 



|e 3<T (oo)| 2 <9X- (z)dX-(Z ) J]V ip ^ (Z r ,Z r ) 

r=l I X±6,( 

/ JV-2 

oc / KdX~ (z) dX-{Z ) JJ Oi 



1=1 

N 



r=l 



I 1 2 „-»,+ v'— i d-26 i v+ 

S r \a r \- 3a \e a °'(Z r )\ e Pr + ~^ X (Z r ,Z r ) 



(2.41) 



free 



Proceeding in this way, we can show that eq. (12.251) holds for general fa and the correlation 
functions can be expressed by using the free variables. 

From eq. (l2.25p one can see that Oi, 71, S r are conformal invariant, which has been 
proved in the previous subsection assuming that X + can be replaced by its expectation 
value. Indeed, when one of fa is the energy-momentum tensor T(z), the left hand side is not 
singular in the limit z — > zi, oo. On the right hand side, this fact implies that Oi, TZ, S r are 
conformal invariant. 

3 Free variables: supersymmetric case 

Supersymmetric case can be dealt with in a similar way, using the superspace formulation. 
In this section, we denote some superfields by using the same symbols as those in the bosonic 
case. We think that this does not cause any confusion. 

3.1 Supersymmetric X ± CFT 

Supersymmetric X^ 1 CFT can be defined by using the superspace formalism. It is described 
by the superfield variables 

X ± (z, z) = X ± (z, z) + i9ifj ± (z) + iffi (z) + i69F ± (z, z) , (3.1) 

where z = (z, 9) is the superspace coordinate. The energy-momentum tensor is given as jB] 

-DX+8X- + -DX~dX + - 1— ^SYz, X+) . (3.2) 
2 2 4 v L> y ' 

Here S(z, X^) is the super Schwarzian derivative, 

n4Q+ D 3 G + D 2 G + 1 1 
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The superspace coordinate X^ is defined as X^ = (X£,Q + ), where X£ denotes the left- 
moving part of X + and 



DX + { 9 / - ~ \ 2 

0+(z) = r (z) , $ (z, z) = In -4 (D0+) 2 f DQ + 

{dx+y \ V 



(3.4) 



Similarly to the bosonic case, we consider the correlation functions with the insertion 
JI^Li e~ p ^ x (Z r , Z r ) . With this insertion, X + (z, z) has an expectation value — | (p (z) + p (z)) 
where p (z) = °V In ( z — Z r ) is the super Mandelstam mapping [8]. 

The variables X ± satisfy the OPE's 



DX + (z) DX + (z') 
DAT (z) (z') 

DX- (z) DA"- (z 7 ) 



regular , 
1 



z — z' 
d- 10 



DD' 



30+ (z) 0+ (z') 



(x+ (z) - Af+ (z') - e+ (z) e+ (z'))' 
i 



+ 



2(*+(z)-*+(z')-0+(z)0+(z'))' 



(3.5) 



The right hand side of the third equation should be treated as in the bosonic case and we 
get the form of the OPE in Ref. [S]. Using these OPE's, one can show that the energy- 
momentum tensor in eq. fl3.2p satisfies the super Virasoro algebra with c = 12 — d. It follows 
that together with the super-reparametrization ghosts and the transverse part, the total 
central charge becomes 0. 



3.2 Free fields 

As in the bosonic case, we consider the system which consists of the supersymmetric X ± 
CFT and the super-reparametrization ghosts. The ghost variables are described by the 
superfields B (z), C (z), Biz), C (z), which are given as 

B(z)=p(z)+9b(z) , B (z) = $ (z) + fb (z) , 

C(z) = c{z)+9 1 {z) , C{z) = d(z) + 9j{z) . (3.6) 

The free superfields X + , X'~ and the ghosts B', C , B' , C with weights (| + a, 0), (—1 — a, 0), 
(0, | + a) , (0, —1 — a) can be defined as 

B' (z) ee (D0+) 2a B (z) , & (z) ee (DO+) ^ B (z) , 
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C"(z) = (De + y 2a c(z) , 

X'- (z,z) = X~(z,z) 
+ a 



<9D E' + , 

2 y (£>e 



/ \ —za _ 

C (z) = (d0+) C (z) , 
0+ 



, 9(E' + -$ 



(D0+)' (D0+) 



D E' + * + r 



+ c.c. 



Here 



and 



d- 10 



Q 



E' (z) = a' (2) - 0' (z) - 6(3' d (z) , 
where a' and are defined so that do' = c'b' and 



(3'(z) = e~*d?(z) , 1 '{z)=r 1 'e*\z) . 



(3.7) 

(3.8) 
(3.9) 

(3.10) 



We note that 

CB (z) = C'B' (z) = -DE' (z) . (3.11) 

The OPE's between X+, X'~, B', C, B', & can be derived from the OPE's of X ± , B, C, 
B, C and one can see that they are free variables. 
The total energy-momentum tensor, 



T(z) = -DX + dX~ + -DX~dX + — - — —S (z, X+) 

v ' 2 2 4 v Ly 

+ -DCDB - -dCB - COB , 
can be rewritten in terms of the free fields as 

T(z) = )-DX + dX'~ + ]-DX'-dX + 



(3.12) 



i^C'DS' - idC"5' - (1 + a) d {C'B') , 



(3.13) 



which is the energy-momentum tensor for the free fields X + , X' , B', C It is also possible 
to express X + , X~ , B, C, B, C in terms of the free variables. 



14 



3.3 Operator insertions 



Let us define the correlation functions on the complex plane (<fii ■ • ■ 4>n)x± b c anc ^ (0i " ' ' < / ) n)frcc 
as in the bosonic case. The correlation functions that we are interested in are of the form 

TV 



\e^- 2<t) (oo)\ 2 ^^■■■^J[e-^ X ~ (Z r ,Z P ) ) . (3.14) 

X±,B,C 

2 

The ghosts are bosonized in the usual way and |e 3<7-2 * (oo) | is inserted to soak up the ghost 
zero modes. 

As in the bosonic case, the correlation functions of the superconformal field theory for 
X^, B, C, B, C can be expressed as the correlation functions of the free field theory with 
operator insertions at z = zj, Z r and oo. Here zj (I = 1, . . . , N — 2) denote the points 
determined by dp(zj) = dDpfa) = [EH M, US]- 

Let us consider the operator which should be inserted at z = z/ to realize the singular 
behaviors of the ghost fields at this point. It is a little bit complicated, compared with the 
bosonic case, but straightforward to show that in order for the variables B (z) and C (z) to 
be regular at z = zj, we need to insert 



Dp d 2 D P Dp ^, 



8z) 



(3.15) 



d 2 p~ ~ (d 2 p) 2 

We should make up a superconformal invariant operator insertions whose ghost part is 
eq.f l3.15p . The form of such insertions can be read off from the partition function. The par- 
tition function of the X ± CFT with the insertion Yl^ =1 e~ ip ^ x ' (Z n Z r ) becomes e" arsuper [8j 
TU, where 



N-2 



Tsupc 



i^n 



i=i 



2 5 d 3 DpDp o d 3 pd 2 DpDp \ N 
dp ~3^p- + S ^pf ) (ZI < 



N 

n 

r=l 



|-l e -ReiVJJ 



(3.16) 



with 



A = a r Z r — 



OL r Z r 



ly 00 — 



-V^ln(Z r -Z s ) , 



(3.17) 



and Zj(r) denotes one of z/s such that at p = p(zj( r )) the rth string interacts. From this, 
one can see that the insertion (I3.15P should come with 



2 h d^DpDp o d*pd 2 DpDp \-± , 
dp -3^Pp- + S (dip) 2 ) ^ 



(3.18) 
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Indeed, as we will see later, with the factor so arranged, one can obtain eq.f l3.26p . Therefore 
we define the following operator 



Oj 



2/ 



dz 



a 



d^DX+DX' 



12 (d 2 X- 



&X+DX- 



8 (d 2 X 
a 2 DX+ 



■DE' + 



a 1\ d 3 X + d 2 DX + DX- 
32 ~~ 8J 
2 d 2 DX+DX~ 



a 



2 d 2 X~ 



8 (d 2 X~ 

2 



(d 2 x- 



{d 2 X~ 



(3.19) 



Replacing X + by its expectation value, one can see that Oi is equivalent to the insertion of 



1 - ajfcdDE' - a^^dE' 



-a?, 1 



(3.20) 



The ghost operator that should be inserted at z = oo can be seen to be e 30 "' -2 *', whose 
superspace form is 

(l + 6 1 b)e 3a '- 2(t> ' (z) . (3.21) 
The conformal invariant combination which implements such an insertion is given as 



K 



I ^ D ^(De + ) 2a (i + ejb)e 

J oo ^ m 



3a'-2(j>' 



(3.22) 



At z = Z r , one can see that e oS ' (Z r ) should be inserted. 

The logarithmic singularities for X" can be taken care of by inserting 



exp 



d- 10 i 
16 p+ 



X + J (Z r Z r ) , exp 



d- 10 « 
16 - p+ 



The latter should be made into the conformal invariant combination 

d- 10 % 



, dz f dz - ~ 
S r = (b L>$ & D$exp 



X + \{z,z) . 



16 p} 

3.4 Correlation functions in terms of the free variables 



(3.23) 



(3.24) 



The correlation functions can be expressed by using the free variables with the insertions of 
the operators defined above. One can show the supersymmetric version of eq. (I2.25[) : 



N 



Zo-2<$> 



(oo)| 0i(z 1 ,z 1 )0 2 (z 2 ,z 2 )---(/) n (z n ,z n ) Y[e iPrX (Z r ,Z r ) 



r=l 



X±,B,C 



16 



N-2 



C ( Ufa (ziZi) 02 (z 2 , z 2 ) • • • (/>„ (z n , z„) 0/ 



7=1 



r=l L 



11 S r \a r \- a e aS '(Z r ) e Pr 




free 



(3.25) 



Here fa {i = 1, • • • , n) are made of X + , DX~ , DX~ , B, C, B, C and their covariant deriva- 
tives and C is a numerical constant. 

This formula can be shown in the same way as eg. (12.251) in the bosonic case. One can 
first prove the simplest case 



The left hand side was evaluated in Ref. [8] to be e _arsuper and the right hand side is easily 
computed to be proportional to it. It is much more complicated but straightforward to 
prove the supersymmetric versions of eqs. (l2.35p and (I2.40p and show that eq. (13.25j) holds. 
From eq. 03.25p . one can see that TZ,Oi,S r given in the previous subsection are conformal 
invariant. 

Using eq. ()3.25p . one can rewrite arbitrary correlation functions in the X ± CFT using the 
free theory and vice versa. In particular, one can modify the vertex operator at z = Z r , by 
taking the limit Zj — > Z r appropriately. Thus we can get various vertex operators in the 
CFT and their free field versions. Hence, to any vertex operator in the free field description 
there exists a corresponding vertex operator in the CFT, and vice versa. 

4 Vertex operators 

In the conformal gauge, the light-cone gauge noncritical superstrings can be described by 
worldsheet theory which consists of the supersymmetric X CFT, super-reparametrization 
ghosts and the transverse variables. We have shown that the former two systems combined 
can be described by free variables in the previous section. Vertex operators are made from 
these variables and should be BRST invariant. We would like to construct BRST invariant 
vertex operators in the Ramond sector using the free variables. Before doing so, we examine 
how the BRST invariant vertex operators in the Neveu-Schwarz sector are expressed in terms 




(3.26) 



17 



of the free variables. We construct the BRST invariant vertex operators in the Ramond sector 
imitating those in the Neveu-Schwarz sector. 



4.1 Vertex operators in the Neveu-Schwarz sector 

Let us consider the left-moving part of a state in the Neveu-Schwarz sector of the light-cone 
gauge superstrings: 



^ ■ " " \P)i 



(4.1) 



Here rii are positive integers and Sj are positive half odd integers. \p) l is the state which 
corresponds to the operator e ip ' XL , where p — (j?) (i — 1, . . . , d — 2) denotes the transverse 
{d— 2)-momentum and Xl denotes the left-moving part of the transverse variables X = (X 1 ). 

The left-moving BRST invariant vertex operator in the conformal gauge corresponding 
to this state is given as |9J 



V, 



.4 



m 
xe a ~ 



B 



.a 



cxp 



—ip + X L —tip 



N d- 10 1 

p + 16 p + 

where A l _ n and B l _ s are the DDF operators defined as 



X+ + ip-X L 



(4.2) 



A -n — 



— idX 1 + —W 



dz^ 
L 2vrz 



// 



e ^ 



■ ib + 1 .%b + dtb + 
-8X 1 ^- V , 



idX~ 
p+ 



e -^ X L ^ 



(4.3) 



J\f = J2i n i + s ji an d V is taken to satisfy the on-shell condition 



P 



P 



-p 2 +J\f 

2^ 16 



(4.4) 



(-i) 



The superscript (—1) on the left hand side of eq. (14.21) indicates the picture number. V L 
appears to have the momentum in the — direction shifted as p~ + ^p^r instead of p~ . 
Because of the shift, the vertex operator ^ becomes of dimension and BRST invariant. 
In the scattering amplitudes, this shift comes with the insertion of exp (^^j^^+X + ^j at the 
interaction points [TJ, and thus the momentum conserved is p~. 



The free field expression V'l ^ for l> can be read off from eq. fl3.25p and 

?ii . . . 



vt l \z) 



A % l ni ■ ■ ■ BL n 
xe (i +Q ) (CT '-0') exp 



+ v'- 

L 



-ip + X 
18 



i p 



p4 ' ' 



ip- X L 



(4.5) 



up to a factor which depends on a r . Since the variable X + is common between the X ± 
CFT and the free theory, the DDF operators A l _ n and B l _ s can be defined in the same way 
for the both theories. One good feature of V£- is that unlike the momentum p~ is 

not shifted. With the ghost factor e^ 1+a ^ a '~^'\ one can see that the dimension of ^ is 
when the on-shell condition (14. 4p is satisfied. The insertions of S r in the free field description 
take care of the momentum conservation. 

The right-moving vertex operator Vj^ can be constructed in the same way. 

4.2 Vertex operators in the Ramond sector 

Using the free variables, it is easy to construct the spin fields. We can bosonize and ip'~ 
as 

^+( z ) = e iH \z) , ij'-(z) = -e~ iH \z) , (4.6) 
with H' (z) H' (w) ~ — In {z — w). This yields 

ij/-ip + (z) = idH'(z) . (4.7) 

Using H', we can construct the spin field for the longitudinal variables as 

e^ H ' . (4.8) 

The ghost variables b', c', (3', 7' are bosonized as in eq.f l3.10p . The ghost part of the Ramond 
vertex operators is given by the conformal primary field 

with weight — \a — |. 

Eq. fl3.25p holds even when some of 0, involve such spin fields. For example, let us consider 
a pair of spin fields e^ H ' (z) e~^ H ' (w). It can be expressed as 

00 



1 f\ r z \ n 

z J2-i/-{2i dz ' idH ' {z ' ) j : ' (4 ' 10) 



(z) e 2 (w) = (z — w) 4 

n=0 

in terms of idH', to which eq. fl3.25p is applicable. Since spin fields always appear in such 
pairs in the correlation function, one can see that eq.f l3.25p holds even in the presence of the 
spin fields. Taking the limit mentioned at the end of the last section, we can get the vertex 
operators containing the spin fields. 
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BRST invariant vertex operator 

With these spin fields, we can construct BRST invariant vertex operators in the Ramond 
sector. Let us consider the left-moving part of a state in the Ramond sector of the light-cone 
gauge superstring of the form 



a 



• if?. 



n 



-mi 



L ' 



(4.11) 



where n« and are positive integers, and \p, s) L is the state corresponding to the operator 
e tp-x L +is-H _ jj ere g = (H A ) [A = 1, . . . , ^p) are defined by using the transverse fermions 
as 

(4.12) 



1 

7! 



{^ 2A - l ±i^ 2A ) , 



and s = (s A ) with s A = | or — |. 



In order to express the vertex operator for the Ramond sector state (14.111) . we need to 
use the free fields. Imitating 1 in eq. fl4.5p . we construct 



V, 



z = 



^•••^••■exp 



xe (l+")(-'-*'H*' exp 



^•••^•••exp 



xe (i +Q )( CT '-0')+^' exp 



-H' + is-H 



-zp + X' L - 



% p 



z'p- X z 



-H' + is-H 
2 



-ip X L — i I p 



^ ) + zp • X L 



(4.13) 



where A/" = ^ + . m.,-, and A l _ n and #!_ m are the DDF operators defined in eq. fl4.3p 

with s replaced by an integer m. The reason why we adopt the notation V L 2 (z) for the 
second one will become clear later. Since the conformal dimension of the transverse spin 
field e ls ' H is this time the on-shell condition is 



16 ' 



P 



P 



4 



(4.14) 



One can construct the right-moving counterparts V R (z) and V R 2 (z) in the same way. 
As we argued above, there should exist a vertex operator 2 in the CFT which 



corresponds to V, 



in the free field description. The explicit form of Vv 2 will be 



complicated because of the presence of the spin fields, but even without the explicit form, 
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we can read off its properties from its free field form V L 
that 1 
fields, 



In particular, one can show 



„3^ 

that 2> is BRST invariant. Using the explicit form of DQ + in terms of the component 



De- 
one can obtain 



(dx + y 



i + 



DG + (z)V T 



2(dX+ 



(0) 



+ 9 



idip 
~dX~^ 



d 2 X+ 



-ip 



+ \ 2 



(-1) 



(0) 



(4.15) 



(4.16) 



Combining this relation with eqs. fl3.6p . (J3TTJ) , and the OPE's between the primed ghost fields 



and V r 



we have 



c{z)v[< 



(0) 
(0) 



ZCqV, 



L 
H) 



(0) 



L 



(0) 



7(*)v£~ 5) (0) 



(0) , 

*i 7 -i^ H) (o) . 

These relations imply that 2 should be of the form 



(4.17) 



(4.18) 



where O x is a conformal field made of the unprimed longitudinal and the transverse variables, 
which satisfies 



T§(z)O x (0) 

n{z)o x (o) 



O x (0) + -dO x (0) , 



(4.19) 



Qi 



cT% - 7 7f - -cjdp - ^cd-fP - bcdc - h-f 2 



+ c.c. , 



(4.20) 



where Tjf, Tp , Gq are the energy- momentum tensor, the supercurrent and the supercharge 
in the matter respectively. Using eqs.f l4.18j) and f)4.19p . we can prove that vK^a) commutes 
with the BRST operator 

dz 

if the on-shell condition (14. 14ft is satisfied, 
//(-i) 

Unfortunately, V L 2 does not correspond to a BRST invariant vertex operator. We can 
obtain the left-moving BRST invariant vertex operator in the — | picture by applying 

to the picture changing operator X{z) defined as 

X (z) = {Q B ^ (z)} = cdi - e^T* + ^db V e 2 * + h (2dr ] e 2<t ' + r)de 24> ) , (4.21) 
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namely 

(0) = limX(,)yi- f) (0) = lim (-e*T*) (z)V^ (0) . (4.22) 

We define V L 2 to be the free field version of . 

One can obtain the BRST invariant right-moving parts 2 (z), 2 (z) and their 
free field versions in the same way. 



5 Amplitudes 

In this section, we would like to show that the tree level amplitudes in the noncritical light- 
cone gauge string field theory can be expressed by using the BRST invariant vertex operators 
constructed in the previous section. Our procedure is as follows. We start from the light- 
cone gauge amplitudes. We rewrite them by adding the longitudinal and ghost degrees of 
freedom. Then we reach the BRST invariant conformal gauge expression. 



5.1 Light-cone gauge superstring field theory in d dimensions 

The light-cone gauge superstring field theory can be defined in noncritical dimensions by 
just considering the action with three-string interactions like that for the (NS,NS) strings 
in Ref. [9]. However, putting naively d ^ 10 makes the physical content of the theory quite 
different from that in the critical case. From the on-shell conditions f)4.4p and f)4.14p for the 
Neveu-Schwarz and the Ramond sectors, the level matching condition for the (NS,R) sector 
becomes 

N = N + -r^— , (5.1) 

lb 

where TV and M denote the level numbers in the left- and the right-moving parts. Since 
M — M is a half-integer, there exist no states satisfying this condition for generic d. The 
situation is the same for the (R,NS) sector and one can see that the theory does not include 
any spacetime fermions for generic d. This fact is problematic if one wants to use the 
noncritical string theory to dimensionally regularize the critical theory. We need to modify 
the worldsheet theory for such applications. We will deal with this problem elsewhere. Here 
we take the theory as it is and consider the theory for generic d ^ 10 with only (NS,NS) and 
(R,R) sectoral and calculate the tree amplitudes. In appendix |Aj we present the string field 
theory action in this situation. 



5 We might have to consider Type theory for d ^ 10 for the modular invariance but as far as we are 
discussing tree amplitudes, there is not so big difference between Type II theory and Type theory. 
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The tree level iV-string amplitudes An are perturbatively computed in the same way as 
those in Ref. [9|. Starting from the action flA.2j) of string field theory, we obtain 



A N = (Aig) 



N-2 



'N-3 

n 



d 2 T x 
An 



Fn{T Xi Tx) 



(5.2) 



where 7~z denotes the complex Schwinger parameter of the Xth internal propagator (X = 
1, . . . , N — 3), which consists of the N — 3 complex moduli parameters of the amplitude An- 
As was discussed in Ref. [H], on the right hand side the integration region is taken to cover 
the whole moduli space and the integrand Fn is described by the correlation function of the 
superconformal field theory for the light-cone gauge superstrings on the z-plane: 



N 



N 



N 



F N (T x ,Ti) = (2*-) 2 <J sgn J] 

K r=l / \r=l / \r=l 
N-2 2 N 

n|(9 2 p)^^ C (^| ]J V r 



(5.3) 



Z=l r=l / 

Here T is given in eq. ( 12.27P , and V^. LC denotes the vertex operators for the rth external string 
in the light-cone gauge. An external state in the (NS,NS) sector is obtained by multiplying 
the state ( 14. ip by a similar one in the right-moving sector: 



a 



(5.4) 



To this state corresponds a vertex operator 



V. 



LC 



f dw r 



f dw r 



Otr <fr ^d Wr X il (w r ) ■ ■ ■(t A* 1 (w r ) 

Jo 2m Jo 2m 



x (X ^L^n f w \ w 
Jo 2 ™ 



dlU r rs 



/o 2vrz 



(r) 



where uv is the local coordinate, introduced in the region z ~ Z r as 



u> r = exp 



(r) 



T(S r) + l(3 r = p(Zj(r)) . 



(5.5) 



(5.6) 



Similarly, an (R,R) external state is obtained by multiplying the state (14. lip by a similar 
one in the right-moving sector: 



h(r) _ _ _ _u(r) _ _ _ ,Mr) _ _ _ , Ji(r) _ _ 
u -ni — ni r-mi r-mi 



(5.7) 
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For this state, we should take 



K L ° = Or I ^rd w X^ K) --J P^d^X 11 (Or) «V * 



Jq 2"7T2 Wr ' Jg 27TZ 

x / > —L^ ( Wr ) Wr mi 2 . . . J) -^ffi 1 (w r ) w r mi 2 

JO 2tT2 /q 27TZ 



Xe t0r-X+i*r-H+iSr-H = 0, ^ r = 0) e-^^^ . (5. 



5.2 Longitudinal variables and ghosts 

We rewrite the light-cone gauge expression (15.21) by adding the longitudinal variables and the 
super- reparametrization ghosts to the worldsheet theory. Suppose that V^ c (r = 1, ■ ■ ■ , 2f) 
are in the (R,R) sector and the other l/ LC 's are in the (NS,NS) sector. It is straightforward 
to show that the quantity which appears on the right hand side of eq. (15. 3p can be expressed 
as a correlation function in the system of the free variables defined in section [3J 
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free 



v^~ 1 - 1 \z r ,z r ) 

,f_3 -3) 



Vr 

where V^, v'^ l) 



'(-1), 



(Z r ,Z r ) = \a r 



<^v<< \z r )v'^\z r ) 



and 2 ^ are the vertex operators Vj} X \ vj" 2 ^ and V L ^ 



(5.10) 



defined 



in eqs. (l4.5p and (14.131) for the r-th external string, and similarly for the right moving sector 



and V, 



R,r 



In deriving eq.f l5.9j) . we have used the relation 
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(5.11) 
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On the right hand side of eq. (15.91) . X' appears only in the form of the vertex operator 
and if/~ , do not appear. Therefore we can replace X + , , if) + by their expec- 



+x>- 



tation values — | (p + p) ,0,0 in the correlation function, and vice versa. The insertions at 
z — Zi and oo can be rearranged as 



e -(l+a)(<x'-0') 



dz e 
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Oi , 



(dp) 
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(5.12) 



We also modify the vertex operator Vy 



appearing on the right hand side of eq. (15. 9p 



j - 



i 



into K 2 ' , which is composed of the free field versions V L r 2 and V R r 2 of the vertex 



i ■ 



i * 



operators V^ r 2J and V^ r 2 , instead of V L K r 21 and V R \ 21 . V r 2 ' 2 is defined to be 

''(----) 

obtained by applying the picture changing operators to K 2 ' 2 (Z r , Z r ) and 



(ap) a e '9X + ^'- 



+ ■ 



,«r) # 



a, 



R,r 
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(X V r 



(5.13) 



Here • • • denotes the terms which either include derivatives of dX + + -dp, <9X + + |9p or 

- - ~ " "(- 1 ,--) 

are with the fermion numbers § j^idH' (z), § j^idH' (z) bigger than those of V r 2 ' 2 ■ 

m ,(_i _i) 

Therefore we can replace V r 2 ' 2 in eq.( 15.9p by V r 2 ' 2 without changing the value of 
the correlation function up to a constant multiplicative factor. 
Substituting these into eq. (I5.9[) . we get 
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N-2 



27TZ (dp) 



X 



n 

1=1 

N 

n i \«r\- n v, 



dz e a 



— a (z) lim UdpYeA (w) 



'{PL,r,PR,: 



(5.14) 



r — 1 N ' / free 

where PL,r>PR,r = — h, — 1, — § indicate the picture of the vertex operator. The choice of 
picture is obvious from eg. (15.91) . To this equation we can easily apply the formula (13.251) and 
express the right hand side using the X ± CFT and the unprimed ghost fields. Substituting 
it into eq. (l5.3p . we obtain 



^~/id PC (oo)i 2 n j 
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2 N 
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r=l r=l 



PL,r,PR,r 



(Z r ,Z r )). (5.15) 



Here (• ■ ■) denotes the correlation function of the CFT for the longitudinal and transverse 
variables and the super-reparametrization ghosts. yj- PL ' r,PR -^ j s ^he unprimed field version 

(, L,r,PR,r) gpjCjrp jQygjigjj^ £-1 jg defined aS 



Of V r 



d— 10 i p£+ 

e 16 (z,z) , 



(5.16) 



which can be shown to be the inverse of S r in eq. (l2.24[) by replacing X + by its expectation 

d — 10 i ^4- 

value. iS" 1 coincides with the BRST invariant form of e 16 (-Z/w, Ijw) introduced in 
Ref. p. 



5.3 BRST invariant form of the amplitudes 



In eq. (l5.15p . the right hand side is expressed by the variables in the conformal gauge, but it 
is not manifestly BRST invariant. In order to get a BRST invariant form of the amplitudes, 
we would like to show that e^T F (zj) in eq. fl5.15j) can be turned into the picture changing 
operator X(zj) and 

2 N 
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(5.17) 



picture changing operator 

Let us introduce a nilpotent fermionic charge Q defined as 



T) 2 dp v 



(z) . 



(5.18) 
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Here we define X^ (z) so that 



One can show 
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A(dX+Y 2(dX+) z J v ' ' (dX+ 2 
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d (-2dp7^) 
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Substituting eq.f l5.20p into the right hand side of eq. (l5.17j) and comparing it with that of 
eq. fl5.15p . one can see that in order to prove eq. fl5.17l) . one should show that the second 
and the third terms on the right hand side of eq. f l5.20p do not contribute to the correlation 
function. 

One can prove the third term does not contribute to the correlation function by describing 
the insertion (I5.20p in terms of the free variables. The proof is given in appendix |B| 6 I The 
second term is Q-exact. We can therefore prove that this is also irrelevant, by showing that Q 
(anti) commutes with all the operators in the correlation function (I5.17p . It is straightforward 
to show that Q (anti) commutes with the vertex operators. Moreover, Q (anti) commutes with 
other insertions: 
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[Q, e% 



LC 
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dw 
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[w \Zi) 



dz b 
zi 2 ™ d P 
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(5.22) 



. :i 2m' w — zi 

Thus we obtain the expression (I5.17P for F^. 

6 Actually this term has the same structure as the third term on the right hand side of eq.(3.25) in 
Ref. [9 ]. In Ref. [9], we have given another proof that the contributions of such terms vanish. 
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BRST invariant form 



By deforming the contour of § zi (z) in eq. fl5.17p as was done in Ref. [9], we can obtain 



a manifestly BRST invariant form of the amplitude An- 
N-3 /N-3 



A 



N 



n«Tx n 



1=1 



vX=l 



A? 



dz b 
c x 2 ™ dp 

N 



(z) 



dz b 



x 



IR'IItf 



C X 2%i d P 

PL,r,PR,i 



(z) 



(5.23) 



r=l 



r=l 



Here Cj denotes a contour which goes around the Xth internal propagator. Compared with 
the form of the tree amplitudes in the critical case, the difference is in the insertions of S^ 1 . 
These insertions are peculiar to the noncritical strings [7]. 



6 Conclusions and discussions 

In this paper, we have formulated a free field description of the X ± CFT combined with 
the reparametrization ghosts, and provided a formula to express the correlation functions in 
terms of the free variables. Since the X^ 1 CFT is an interacting theory, it is not straight- 
forward to construct spin fields and thus the vertex operators in the Ramond sector. We 
have given the spin fields via the free variables, and thereby we have constructed the BRST 
invariant vertex operators in the Ramond sector. We have shown how one can calculate tree 
amplitudes with the external lines in the (R,R) sector as well as those in the (NS,NS) sector 
in the noncritical string theory using these vertex operators in the conformal gauge. 

We study such noncritical string field theories, in order to dimensionally regularize the 
string field theory to deal with the divergences of the theory [T6l [9] . One occasion in which 
such regularization is useful is when we deal with the contact term problem [T7 ] H~8 | fl"9 | l20~ l I2T] . 
In the light-cone gauge superstring field theory, even tree amplitudes are divergent because 
of the existence of the supercurrent insertions at the interaction points. Using the results 
obtained in this paper, we can show that the dimensional regularization can be employed to 
deal with the contact term problem for the tree amplitudes when the external lines are in 
the (R,R) and the (NS,NS) sectors. 

In order to generalize our regularization scheme to the amplitudes involving external 
lines in the (R,NS) and the (NS,R) sectors, there are several issues to be resolved. As we 
have pointed out, if we take d ^ 10 naively, we get a theory with no spacetime fermions. 
In order to deal with this problem, we need to modify the worldsheet theory. Moreover 
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the dimensional regularization in usual field theory for point particles has some problems in 
treating fermions. We encounter similar problems when we try to apply the regularization 
to superstring field theory. We will discuss these points elsewhere. 

Another thing to be examined is the Green-Schwarz formalism. As was commented in 
Ref. (22], the results in Ref. [7J seems to be useful in constructing vertex operators in the 
semi-light-cone gauge formulation of the Green-Schwarz formalism, recently re-examined in 
Refs. [221 1231 [2H 123 [2H]. Moreover, the similarity transformation given in Ref. [22] looks 
similar to the field redefinition (I2.6P [27] . It will be interesting to examine how the results 
in this paper are related to these developments. 
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A String field theory action in d dimensions 

In this appendix, we explain some details of the action of the light-cone gauge superstring 
field theory in noncritical dimensions. 

We represent the string field |$a(^)) by a wave function for the bosonic zero modes (t, a, p) 
and a Fock state for the other modes. We denote the integration measure of the momentum 
zero modes of the rth string by dr, which is defined as 

dr = — (2^ • (A ' 1} 

The string fields are taken to be GSO even and satisfy the level-matching condition. The 
subscript A of the string field labels the sector to which the string field belongs. As was stated 
in section [51 we concentrate on the strings in the (NS,NS) and the (R,R) sectors. Therefore 
the subscript A takes only (NS,NS) and (R,R) and the string fields $a are Grassmann even. 
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The action for the string fields in these sectors of the light-cone gauge superstring field theory 
in d dimensions (d 7^ 10) takes the form 



5* 



dt 
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■2g 



d L 



-J2 I dld2(R x (l,2)\^ x (t)) 1 [i-- 
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+ -jjf- / dld2d3 (V3 (Insns, 2nsns ; 3nsns) |^nsns(^))i I^nsnsW^ |^nsns(^)/3 



+ 2g J rflrf2rf3(y 3 (lNSNS,2RR,3 RR )|$ N sNsW) 1 |$RRW) 2 |$RRW) ; 



(A.2) 



Here (/?a(1, 2)| denotes the reflector for the string fields in sector A. (V^Iad 2\ 2 , 3 A3 )| denotes 
the interaction vertex for the three strings in sector A r (r = 1,2,3). This is invariant under 
the permutation of the string fields and takes the form 



(^(1^,2^,3^)1 = ^5\^a r y2n) d - 2 5 d - 2 [^p r 

x(y 3 LPP (l Al ,2 A2 ,3 A3 )|P 123 e- r[3] ( 1 ^) 



(A.3) 



Here (U 3 LPP (1, 2, 3)| denotes the LPP vertex [28J, which satisfies eq.(A.5) of Ref. [9j. 1^(1, 2, 3) 
and P123 are defined in eqs.(A.4) and (A. 6) of Ref. [9] respectively. 



B Correlation functions of ip 

In this appendix, we show that the third term on the right hand side of eq. fl5.20p does not 
contribute the correlation function. In terms of free fields, the third term on the right hand 
side of eq. fl5.20p turns out to be 

d l p{zi) 4 J ZI 2-ki w — zj 
where ip~ (w) is written using the free fields as 

i/T ( w ) = tf- (w) + Sip- (w) . (B.2) 

The explicit form of 5vp~ (w) can be deduced from eq. fl3.7p but we do not need it here. 
We would like to show that the integral S ^w. 9p^ ( w ) ^Qgg no t contribute to the corre- 

J zj 2m w—zi 

lation function. It can have nonzero contributions when ip~ (w) has singularities at w — Zj. 
Using the expression (IB.2p . one can see that such singularities come either from contracting 
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ip'~ with ifj + included in Oj or from Si(j~ (w). 5ij)~ (w) involves factors (dX + )~ n (w), which 
has the expectation value (— \dp\ n (w) and singular at w = zj. In order to give a nonvan- 
ishing contribution, ib'~ contained in <£ ^ML 9p ^ W. should be contracted with ib + contained 
in Oi and not in Oj with J ^ I. Since the Grassmann odd quantities in Oj and 8ip~ are 
made from ip + and /3c, these terms necessarily involves derivatives of ip + and /3c. If we take 
contractions of all ip'~ with appropriate V ;+ 's, the resulting contributions of the second term 
on the right hand side of eq. flB.ll) to the correlation functions can be seen to vanish because 
of the conservation of the fermion number § -^idH' and the be ghost number. 
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